











Tentative observations and theoretical considerations have recently
led to renewed interest in models of fundamental physics in which
certain “constants” vary in time. Davies, Davis and Lineweaver [1]
have argued that the laws of black hole thermodynamics disfavor
models in which the fundamental electric charge e changes. I show
that similar considerations severely constrain “varying speed of light”
models, unless we are prepared to abandon cherished assumptions
about quantum gravity.
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The idea that the fundamental \constants" of our Universe may vary in time dates
back at least to Dirac’s Large Number Hypothesis [2]. Until recently, physically interesting
variations seemed to be excluded by observation. Over the past several years, however,
Webb et al. [3,4] have reported evidence that the ne structure constant  may have been
slightly smaller in the early Universe. While this claim is still far from being established,
the possibility, along with work on cosmological implications of \varying constants," has
inspired renewed interest in models in which either the elementary charge e or the speed
of light c is dynamical [5{11].
In a Brief Communication to Nature [1], Davies, Davis and Lineweaver contend that
black hole thermodynamics favors models with a varying speed of light. Their basic argu-










Suppose  is indeed increasing in time, as Webb et al. suggest. If this variation comes from
an increase in e, the resulting increase in Q will cause the entropy of such a black hole
to decrease, evidently violating the generalized second law of thermodynamics. If, on the
other hand, the change comes from a decrease in c, the entropy will increase with time, as
it should.
This is an intriguing argument. But as I shall show below, a slight rephrasing leads to
much more radical implications for our current understanding of quantum gravity and black
hole thermodynamics, implications perhaps unpalatable enough to argue against \varying
speed of light" models.
Consider a Reissner-Nordstrom black hole with charge Q = re and mass M =
p
sMP ,
where MP = (~G=c)
1/2 is the Planck mass. Quantization of charge requires that r be an
integer. In simple models of black hole thermodynamics (see [12] for a review), s is an
integer, or a xed constant multiple of an integer, as well. More elaborate approaches to
quantum gravity lead to more complicated black hole spectra: for instance, neutral black







pi(pi + 2) (2)
where the pi are integers and γ is a constant of order unity, while the string theoretical
















In both of these examples, though, and in virtually all other models that have been consid-
ered, s is still discrete. Indeed, it is hard to see how to reconcile a nite Bekenstein-Hawking
entropy with a continuous black hole mass spectrum.
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(see also [15]). Clearly, an increase in  will lead to a decrease in S, and a likely violation
of the generalized second law of thermodynamics, unless r or s also evolve. But if r and
s are discrete, they can change only in nite jumps. This quantization strongly suggests
a discrete evolution for  as well, an ingredient not easily incorporated in current models.
But even without such a feature, the discrete nature of s presents a serious problem for
models with varying c, one already evident for uncharged black holes.
The speed of light enters s through the Planck mass. Following Davies et al., I assume
that M remains constant. It is then easy to see that given a black hole with \mass quantum





In some models, Planck’s constant ~ also varies with c [10]. Such a variation would lead
to a few minor changes|s and s in (5) would be replaces by sβ and (sβ) for some
exponent |but the qualitative considerations below would not be aected.
The rst thing to notice about eqn. (5) is that for a given s or a given c, it may
not have any solutions. That is, suppose we are given a quantum theory of gravity that
determines a spectrum S of possible values for s. Then for any particular s 2 S and any
xed c, s+s = (1+c=c)s may not lie in S. This situation can have two interpretations,
which I will expand upon below: either many black hole masses are forbidden, even for
quantum numbers s 2 S, or else the allowed changes c are sharply constrained by the
presence of black holes.
For illustration, let us begin with a model in which the allowed values of s, and thus s,
are integers. Since the total variation = claimed by Webb et al. is only on the order of
10−5, and larger variations in  are excluded by other observations [16], c=c should be no
larger than about 10−5 at each discrete step. For eqn. (5) to have any solutions, c=c must
therefore be a rational number on the order of 10−5 or smaller|i.e., c=c = p=N , where
p and N are relatively prime integers and N & 105|and s must be of the form s = qN ,
where q is another integer.
The model thus forbids black holes with masses less than some minimum value M0 =p
NMP & 350 MP , and it requires that all black hole masses be integral multiples of M0.
Note that this estimate of M0 is rather conservative: I have assumed not only that the
change in  is as large as that reported by Webb et al., but also that it all came in a
∗Duff [15] has criticized models involving variations of dimensionful parameters. I take “varying c”
as shorthand for “variation of all dimensionless parameters, such as me/MP , that depend on c.” The
disentangling of dimensionful parameters is still somewhat ambiguous, but given a standard choice of
conventions, this prescription leads to a well-defined model.
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single jump. It is easy to see that if c is spread over n equal steps, M0 increases by a
factor of
p
n. If, for instance, jumps occur at a characteristic electromagnetic time scale
 = ~=mec
2, one nds M0  1016 g, excluding standard primordial black holes.
The existence of a change c thus restricts the allowed black hole masses. Conversely,
the existence of black holes limits the possible changes in c: given a collection of black holes
with mass quantum numbers fsig, c=c is restricted to be of the form p=N , where N is a
common divisor of the si. If the greatest common divisor of the si is less than about 10
5,
no variation in c is compatible with observation. Note also that the restriction on c=c is
time-dependent: a jump in c causes a corresponding shift si ! (1 + c=c)si, leading to a
new condition on any future jump in c.
Integral quantization of s is probably too simple, but the model demonstrates the key
features present for more complicated spectra. Eqn. (5) can be satised in two ways:
1. In any region containing a black hole of mass
p
sMP , allow only a sharply limited set
of changes in c (choose c=c as a function of s so that s + s is in the spectrum); or
2. For xed c=c, allow only a sharply limited set of black holes (restrict s to those
values for which both s and (1 + c=c)s are in the spectrum).
Alternative 1 requires a mysterious new local coupling between c(t) and black hole mass.
One could imagine treating the restriction as a boundary value problem for c(x; t), but this
would require boundary conditions that evolve as black hole masses change|each time a
black hole captured an electron or emitted a quantum of Hawking radiation, the global
evolution of c(t) would be aected. Moreover, these boundary conditions would have to be
imposed at boundaries that multiply as new black holes form and vanish as old black holes
evaporate. And whatever the approach to enforcing (5), if c=c is permitted to jump by
dierent discrete steps in dierent regions, it is not at all clear that one can maintain the
observed large-scale homogeneity of the fundamental constants.
Alternative 2 drastically reduces the number of permitted states of a black hole. The
allowed states will typically be no less sparse than they were in our illustrative example.
For models such as loop quantum gravity, mass spacings can become very small at high
masses [17], and eqn. (5) will have many approximate solutions, but only for very peculiar
spectra will many black hole masses give exact solutions. Note that the excluded states
occur in all mass ranges; this is not merely a Planck scale eect that can be blamed
on our ignorance of quantum gravity. Apart from the diculty in implementing such a
restriction in existing models, such a reduction in the number of allowed states would seem
to invalidate any statistical mechanical interpretation of the Bekenstein-Hawking entropy
as a measure of the number of accessible microscopic states.
With either alternative, one is likely to have a problem with \small" semiclassical black
holes, those large enough that semiclassical approximations should be reliable but small
enough that the selection rule (5) is highly restrictive. For the case of integer spacing, we
saw that there was a large mass gap between the Planck scale and the rst allowed black
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hole. Other spectra may not have a completely empty gap, but for spectra depending on
more than one integer, mass spacings are generally much wider at low masses than at high
masses [17], so one expects a paucity of admissible low-mass black holes.
At a minimum, these considerations severely constrain \varying speed of light" models.
It may well be that the observations of Webb et al. are wrong, and  is actually constant.
But until the observational situation is more settled, it is worth investigating other ways
out of this dilemma.
One possibility is to give up quantization of black hole masses. This is not a very
comfortable choice: it would require not only that we abandon most existing approaches
to quantum gravity (loop quantum gravity, most string theoretical models), but that we
give up powerful theoretical ideas like holography [18] that depend on the niteness of the
number of black hole states. Of course, it could be that black holes in \varying speed of
light" theories are drastically dierent from those in standard general relativity [19], in
which case these issues would have to be rethought. But this would require that we discard
even the little we believe we now understand about black hole entropy and quantum gravity.
Another possibility is to look for a spectrum S of black hole states for which the con-
straints we have found are unimportant. Such a spectrum exists, but it is physically
unrealistic: it requires that log M=MP be integrally spaced. To see this, let c=c =  be an
allowed change in c at time t0, and suppose that a black hole with mass quantum number
s0 is present. This requires that both s0 and (1+ )s0 be in S. If we now require that black
holes with s = (1 + )s0 also be allowed at time t0, (1 + )
2s0 must also be in S; for black
holes with s = (1 + )2s0 to be allowed at time t0, (1 + )
3s0 must be in the spectrum; etc.
This leads to a spectrum 2 log(M=MP ) = log s0 + k log(1 + ), where all integers k must
occur. Such a spectrum is increasingly sparse at high masses, and would lead to rather odd
predictions. For example, if  = −=  10−5, one would not be able to drop the Earth
into a Solar-mass black hole: no mass states would be available. Even if jumps in c occur
at an electromagnetic time scale  = ~=mec
2, so   10−42, the spectrum of supermassive
black holes would still have a spacing of several grams: one couldn’t drop a dime into the
black hole at the center of the Milky Way.
A third possibility, of course, is that the reasoning above involves hidden assumptions
that fail for a complete quantum theory of gravity. For example, in deriving (5), I followed
ref. [1] in assuming that the mass M of a black hole remains constant when c changes.
Merely allowing M to vary with c would return us to the original dilemma of Davies et al.:
if r and s do not change, the entropy (4) decreases with increasing . But that argument
implicitly assumes that the mass spectrum S is independent of . In the quantization of
Barvinsky et al. [20], for example, this appears not to be the case; the allowed values of s
depend on , and would vary in a complicated way with varying c.
A similar argument has been advanced recently by Flambaum [21] in the context of
models in which black hole areas are integrally quantized. The Bekenstein-Hawking entropy
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where the event horizon is located at r = r+. In this formulation, it seems natural to
guess that a change in  aects the \electrostatic self-energy" contribution to the black
hole mass while leaving r+, and thus the entropy, xed. As Dicke noted long ago [22],
however, such a variation of electrostatic energy in ordinary matter would lead to violations
of the weak equivalence principle. Current limits on such variation are comparable to the
reported observations of Webb et al., and planned experiments should give an improvement
of several orders of magnitude [16]. Of course, we have not tested the equivalence principle
for charged black holes, but it would seem to require special pleading to allow -dependent
electrostatic self-energy for black holes but not for other types of matter.
Bekenstein has recently shown that for a certain class of models with varying e, a scalar
coupling modies Coulomb’s law in a manner that compensates for position dependence of
electrostatic self-energy, so that the equivalence principle is not, in the end, signicantly
violated for matter [23]. In such models, though, it seems rather unlikely that eqn. (1) will
continue to hold even semiclassically. Indeed, Magueijo has shown that other models with
\varying constants" lead to black holes that dier drastically from black holes in ordinary
general relativity [19]. Once again, the upshot may thus be that the standard expression
for black hole entropy is simply the wrong place to start in such a theory.
A nal possibility is that this paper’s analysis of black hole entropy, and that of Davies
et al., is too simplistic. Recall that an isolated black hole in empty space is never in
thermal equilibrium. We don’t worry that Hawking radiation decreases the entropy S;
such a decrease is compensated by the entropy of the radiation itself. For a charged black
hole, a second process, Schwinger pair production, is also important [24]. It is easy to
check that an increase in  leads to an increase in the rate of pair production, and thus
a more rapid \discharge" of the black hole. Similarly, a change in  will change the
Hawking temperature, which should lead to a net flow of energy in a canonical ensemble.
The resulting entropy balance is not obvious; work on this question is in progress. Note,
though, that independent of the entropy arguments of Davies et al. and this paper, the
quantization of the black hole mass spectrum poses problems, discussed above, that must
still be addressed by any theory of \varying constants."
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